Rules for integrands of the form F¢ (*°X) Hyper[d + e x]"

1. J-FC (3+5X) Sinh[d + e x]" dx
1. JF‘ @+0X) sinh[d + e x]"dx when e2n? - b2 c2Log[F]2#0 A n>0

1: JF‘ (@+0X) sinh[d + e x] dx when e? - b2 c2 Log[F]%2#0

Reference: CRC 533h
Reference: CRC 538h
Rule: If e2 - b% c? Log[F]? # 0, then

bcLog[F] FC@*®X) sinh[d+ex] eF°@®X Cosh[d + e x]
- +

JFC (@+5X) ginh[d + e x] dXx —»
e? - b%c?Log[F]? e? - b%c?Log[F]?

Program code:

Int[F_"(c_.*(a_.+b_.*x_))*Sinh[d_.+e_.*x_],x_Symbol] :=
-bxcxLog[F]*F~ (cx (a+bxX) ) *Sinh [d+e*x]/(e"2—b"2*c"2*Log [F172) +
exF” (cx (a+bxx) ) xCosh[d+exx] / (e*2-b”2xc”2xLog[F]"2) /;

FreeQ[{F,a,b,c,d,e},x] &% NeQ[e”2-b”"2xc”2xLog[F]"2,0]

Int[F_~(c_.*(a_.+b_.*x_))=*Cosh[d_.+e_.*x_],x_Symbol] :=
-bxcxLog[F] *F~ (c* (a+bxx) ) *Cosh[d+exx] / (e*2-b*2xc”2xLog[F]"2) +

exF~ (c*x (a+bxXx) ) *Sinh [d+e*x]/(e"2—b"2*c"2*Log[F] ~2) /;
FreeQ[{F,a,b,c,d,e},x] &% NeQ[e”2-b”"2xc”2xLog[F]"2,0]

2: jF‘ (@+0X) sinh[d + e x]"dx when e2n? - b2 c2Log[F]2#0 A n>1

Reference: CRC 542h
Reference: CRC 543h

Rule: If e2n? - b?c?2Log[F]2+0 A n > 1,then



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

jF‘ @X) sinh[d + e x]"dx —

bcLog[F] FC*®X sinh[d+ex]" enF° "X Cosh[d+ex] Sinh[d+ex]"? n(n-1) e? N 5
- + - JFC (@+0X) Sinh[d + e x]""* dx
e?2n? - b?c? Log[F]? e?n? -b%c? Log[F]? e?2n? - b?c? Log[F]?

Program code:

Int[F_"(c_.(a_.+b_.*x_))*Sinh[d_.+e_.xx_]"n_,x_Symbol] :=

-bxcxLog[F]*F~ (c* (a+bxx) ) *Sinh[d+e*x] "n/(e"z*n"Z—b"z*c"z*Log[F]"2) +

exnxF~ (cx (a+bxx) ) xCosh[d+exXx] *Sinh [d+exx]~ (n—1)/(e"2*n"2—b"2*c"2*Log [F]1~2) -

n* (n-1) xe”*2/ (e”2xn"2-b*2xc”2xLog[F]~2) *Int [F" (Cx (a+bxx) ) xSinh[d+exXx]” (n-2) ,x] /3
FreeQ[{F,a,b,c,d,e},x] & & NeQ[e*2xn*2-b”2xc”2xLog[F]"2,0] && GtQ[n,1]

Int[F_~(c_.*(a_.+b_.*x_))=*Cosh[d_.+e_.*x_]"n_,x_Symbol] :=

-bxcxLog[F]*F~ (c*x (a+bxx) ) xCosh[d+exx]~n/ (e*2xn"2-b”2xc*2xLog[F]"2) +

exnxF” (cx (a+bxx) ) *Sinh[d+exx] xCosh[d+exx]” (n-1) / (e~*2xn"2-b*2xc 2xLog[F]"2) +

n* (n-1) xe”*2/ (e”2xn"2-b*2xc”2xLog [F]1~2) *Int [F~ (c* (a+b*Xx) ) *xCosh[d+e*x]”~ (n-2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] & & NeQ[e*2xn*2-b”2xc”2xLog[F]"2,0] && GtQ[n,1]

2: JF‘ @0X) sinh[d + ex]"dx when e (n+2)2-b2c?Log[F12=0 A n#-1 A n#-2

Reference: CRC 551h whene? (n+2)2 - b2 c?Log[F]? ==
Reference: CRC 552h whene? (n +2)2 - b? c? Log[F]? ==

Rule:If e2 (n+2)2-b?c?Log[F]?=0 A n+-1An+-2,then

bcLog[F] FC X sinh[d+ex]™? F°(@*®X Cosh[d + e x] Sinh[d + e x]"*?
- +
e2(n+1) (n+2) e(n+1)

JFC @+0X) sinh[d + e x]"dx —

Program code:

Int[F_"(c_.(a_.+b_.*x_))*Sinh[d_.+e_.xx_]"n_,x_Symbol] :=
-bxcxLog[F] *F~ (c* (a+bxX)) *Sinh[d+e*x]"(n+2)/(e"2* (n+1) *» (n+2)) +
F~ (c*x (a+bxx) ) xCosh[d+exx] *Sinh [d+exx] " (n+1)/(e* (n+1)) /;
FreeQ[{F,a,b,c,d,e,n},x] && EqQ[e”2% (n+2)~2-b”2xc"2xLog[F]~2,0] &% NeQ[n,-1] && NeQ[n,-2]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

Int[F_~(c_.*(a_.+b_.*x_))*Cosh[d_.+e_.*x_]"n_,x_Symbol] :=
bxcxLog[F] *F~ (c* (a+bxx) ) xCosh[d+exx]” (n+2) / (e”2% (n+1) x (n+2)) -
FA(c*x (a+bxx) ) *Sinh[d+exx] xCosh[d+exx]~ (n+1) / (ex (n+1)) /;
FreeQ[{F,a,b,c,d,e,n},x] & EqQ[e”2x (n+2)~"2-b"2xc 2xLog[F]"~2,0] && NeQ[n,-1] && NeQ[n,-2]

3: JF‘ @0X) sinh[d + e x]"dx when e2 (n+2)2-b2c2Log[F]12#0 A n<-1 A n#-2

Reference: CRC 551h, CRC 542h inverted
Reference: CRC 552h, CRC 543h inverted
Rule:If e2 (n+2)2-b?c?Log[F]?2+0@ A n<-1 A n+-2,then

JF‘ @+0X) siph[d + e x]"dx —

bcLog[F] F€ (*bX) sinh[d + e x]™2 FC(3*bX) Cosh[d + e x] Sinh[d + ex]™! €2 (n+2)2-b?c? Log[F]?
B g[F1] [ 1 . [ 1 [ ™ e ) g[F1] JF‘“’”"”O Sinh[d + e x]™? dx
e2(n+1) (n+2) e(n+1) e2 (n+1) (n+2)

Program code:

Int[F_"~(c_.»(a_.+b_.#x_))*Sinh[d_.+e_.xx_]"n_,x_Symbol] :=

-bxcxLog[F] *F~ (c* (a+bxx) ) *Sinh[d+exx]" (n+2)/(e"2* (n+1) * (n+2)) +

FA (cx (a+bxx) ) xCosh[d+exx] *Sinh [d+exx] " (n+1)/(e* (n+1)) -

(e”"2% (n+2) ~2-b"2xc”2xLog[F]172) / (e”2% (n+1) » (n+2)) *Int[F"(c* (a+bxx) ) *Sinh[d+exx] " (n+2) ,x] /5
FreeQ[{F,a,b,c,d,e},x] && NeQ[e”2x (n+2)"2-b*2xc”2xLog[F]"2,0] && LtQ[n,-1] && NeQ[n,-2]

Int[F_~(c_.*x(a_.+b_.*x_))*Cosh[d_.+e_.xx_]”n_,x_Symbol] :=

bxcxLog[F] *F~ (c* (a+bxx) ) *Cosh[d+exx]” (n+2) / (e”2% (n+1) x (n+2)) -

FA (cx (a+bxx) ) *Sinh [d+exXx] xCosh [d+exXx]” (n+1) / (ex (n+1)) +

(e”2x (n+2) ~2-b"2xc*2xLog[F]"~2) / (e”2% (n+1) * (n+2) ) *xInt [F" (cx (a+b*x) ) xCosh[d+exx] " (n+2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] &% NeQ[e”2x (n+2)"2-b"2xc*2xLog[F]"2,0] && LtQ[n,-1] && NeQ[n,-2]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

4: JFC (@+bX) sinh[d + e x]" dx when n ¢ zZ

Derivation: Piecewise constant extraction

Basis: Sinh[z] = > e % (-1 +e??)

Basis: Oy e" (4eX) Sinh[d+e x]" __ )

(—1+(€2 (d+e x) ) n

Rule: If n ¢ Z, then

n (d+ex) g+ n -1 eZ(d+ex) n
e Sinh[d +ex] J-FC (asbx) (-1+ ) ix

JFC @+0X) sinph[d + e x]"dx —
(_1 + ez (t:l+ex))n

en (d+e x)

Program code:

Int[F_~(c_.(a_.+b_.#x_))*Sinh[d_.+e_.*x_]~n_,x_Symbol] :=
E~ (nx (d+exx) ) *Sinh [d+e*x]"n/(-1+E" (2% (d+e*xx) ) ) *n*xInt [F" (cx (a+b*X) ) * (-1+E” (2% (d+exX) ) ) *n/E~ (n* (d+exXx) ) ,x] /;
FreeQ[{F,a,b,c,d,e,n},x] & Not[IntegerQ[n]]

Int[F_~(c_.*(a_.+b_.*x_))*Cosh[d_.+e_.*x_]"n_,x_Symbol] :=
E~ (n* (d+exXx) ) xCosh[d+exx]*n/ (1+E” (2% (d+exX) ) ) *nxInt [F~ (c* (a+bxX) ) * (1+E” (2% (d+exx) ) ) *n/E” (n* (d+exx) ) ,x] /;
FreeQ[{F,a,b,c,d,e,n},x] & Not[IntegerQ[n]]

2: IFC (@5%) Tanh[d + e x]"dx when nez

Derivation: Algebraic expansion

. 2
Basis: Tanh[z] == ’11:T‘e2

Rule: If n € z,then



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

-1+ ez (d+ex) \ N
jFC @+ Tanh[d + e x]"dx — JFC (a+bx) —( ) dx
(1 + ez (d+ex))"

Program code:

Int[F_~(c_.*(a_.+b_.*x_))=*Tanh[d_.+e_.*x_]”n_.,x_Symbol] :=
Int [ExpandIntegrand [F~ (c* (a+b*X) ) * (-1+E”~ (2% (d+exX) ) )”n/ (1+E" (2% (d+e*x)))*n,x],x] /;
FreeQ[{F,a,b,c,d,e},x] & & IntegerQ[n]

Int[F_~(c_.*(a_.+b_.*x_))=*Coth[d_.+e_.xx_]”n_.,x_Symbol] :=

Int [ExpandIntegrand [F~ (c* (a+b*X) ) * (1+E” (2% (d+exXx)))”*n/ (-1+E” (2% (d+e*x) ) ) *n,x],x] /;
FreeQ[{F,a,b,c,d,e},x] & & IntegerQ[n]

3. JFC (@+bX) sach[d + e x]" dx

1: jFC (@+0x) sech[d + e x]"dx when e n? - b2 c2 Log[F]2#0 A n< -1

Reference: CRC 552h inverted
Reference: CRC 551h inverted
Rule: If e2n? - b?c?Log[F]2+0 A n< -1,then
fFC (@) gech[d + e x]"dx —»
_bc Log[F] FC (3*X) sech[d + ex]" enFc(@*®X sech[d+ex]"* Sinh[d + e x] eZn (n+1)

- + JF‘ (@+5X) gach[d + e x]™?2 dx
e2n? -b?c?Log[F]? e?n?-b%c?Log[F]? e2n? -b?c?Log[F]?

Program code:

Int[F_~(c_.*x(a_.+b_.%*x_))*Sech[d_.+e_.x*x_]”n_,x_Symbol] :=
-bxcxLog[F]*F" (cx (a+b*x) ) * (Sech[d+exx]~n/ (e*2xn*2-b”2xc”2xLog[F]"2)) -
exnxF~ (Cx (a+bxx) ) xSech[d+exx]~ (n+1)  (Sinh [d+exx]/(e"2#n"2-b"2xc 2xLog [F]*2) ) +
e”2xn ((n+1) / (e”*2xn"2-b”2xc*2xLog[F]"2) ) »Int [F" (c* (a+bxx) ) xSech[d+exx]” (n+2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] &% NeQ[e”2xn~2+b"2xc”2xLog[F]"2,0] && LtQ[n,-1]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

Int[F_~(c_.x(a_.+b_.*x_))*Csch[d_.+e_.*x_]"n_,x_Symbol] :=
-bxcxLog[F] *F~ (c* (a+bxXx) ) » (Csch[d+exx]”~n/ (e*2xn*2-b"2xc 2xLog[F]"2)) -
exnxF” (cx (a+bxx) ) xCsch[d+exx]” (n+1) x (Cosh[d+exx] / (e”2xn*2-b"2xc”2xLog[F]"2)) -
er2xnx ((n+1) / (e”2xn"2-b"2xc*2xLog[F]~2) ) *Int [F" (c* (a+bxXx) ) *Csch[d+exx] " (n+2),x] /;
FreeQ[{F,a,b,c,d,e},x] & & NeQ[e*2xn*2+b”2xc”2xLog[F]"2,0] && LtQ[n,-1]

2: JF“ (@+0X) sech[d + e x]"dx when e? (n-2)2-b?2c?Log[F]2=@ An#1l An#2

Reference: CRC 552h with e? (n-2)2 -b?c? Log[F]%2 =0
Reference: CRC 551h with e? (n -2)? - b? c? Log[F]? ==

Rule:If e2 (n-2)2-b?c?Log[F]2=0 An+1 A n%2,then

bcLog[F] F€ (X sech[d+ex]"2 F¢ X sech[d+ex]"*Sinh[d + e x]

JFC @+0X) sech[d + e x]"dx — +
e2(n-1) (n-2) e(n-1)

Program code:

Int[F_~(c_.*x(a_.+b_.*x_))*Sech[d_.+e_.x*x_]”n_,x_Symbol] :=
bxcxLog[F] *F~ (cx (a+bxx) ) *Sech[d+exx]”~ (n-2) / (e”2% (n-1) x (n-2)) +
FA(c*(a+b*x))*Sech[d+e*x]A(n—1)*Sinh[d+e*x]/(e*(n—1)) /3

FreeQ[{F,a,b,c,d,e,n},x] && EqQ[e”2% (n-2)~2-b”2xc”2xLog[F]~2,0] &% NeQ[n,1] && NeQ[n,2]

Int[F_~(c_.*x(a_.+b_.*x_))*Csch[d_.+e_.*x_]”n_,x_Symbol] :=
-bxcxLog[F]*F~ (c* (a+bxx) ) *Csch[d+exx]” (n-2) / (e”2% (n-1) * (n-2)) -
F~ (cx (a+b%x) ) *Csch[d+exx]” (n-1) xCosh[d+exx] / (ex (n-1)) /;
FreeQ[{F,a,b,c,d,e,n},x] && EqQ[e”2% (n-2)~2-b”2xc”2xLog[F]~2,0] &% NeQ[n,1] && NeQ[n,2]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

3: JF‘ (@+0x) sach[d + e x]"dx when €2 (n-2)2-b2c2Log[F]2#0 An>1 A n#2

Reference: CRC 552h
Reference: CRC 551h
Rule:If e2 (n-2)2-b%2c?Log[F]2#0 A n>1An+2,then

jF“ (@+0X) gach[d + e x]"dx —

bcLog[F] F€ (0% sech[d+ex]"2 F¢@bX) sech[d+ex]"*Sinh[d+ex] e?(n-2)2-b%c?Log[F]2
+ +

JFC (@) sach[d + e x]"2 dx
e2(n-1) (n-2) e(n-1) e2 (n-1) (n-2)

Program code:

Int[F_~(c_.*(a_.+b_.*x_))=*Sech[d_.+e_.*x_]"n_,x_Symbol] :=

bxcxLog[F] *F~ (c* (a+bxx) ) *Sech[d+exx]” (n-2) / (e”2% (n-1) » (n-2)) +

FA (cx (a+bxx) ) x*Sech[d+exx]” (n-1) *Sinh [d+e*x]/(e* (n-1)) +

(e”2% (n-2)"*2-b"2xc*2xLog[F]"2) / (e”2% (n-1) » (n-2) ) *Int [F" (c* (a+b*Xx) ) *Sech[d+exx] " (n-2),x] /;
FreeQ[{F,a,b,c,d,e},x] && NeQ[e”2x (n-2)~"2-b"2xc”2xLog[F]"~2,0] && GtQ[n,1] && NeQ[n,2]

Int[F_~(c_.*(a_.+b_.%*x_))*Csch[d_.+e_.*x_]"n_,x_Symbol] :=

-bxcxLog [F]*F" (c* (a+b*x) ) *Csch[d+exx]”" (n-2) / (e”2% (n-1) * (n-2)) -

F~ (c* (a+bxx) ) *Csch[d+e*xx]”~ (n-1) *xCosh[d+e*x]/ (ex (n-1)) -

(e”2x (n-2)"~2-b"2xc*2xLog[F]"2) / (e”2% (n-1) » (n-2) ) *Int [F" (cx (a+b*x) ) xCsch[d+exx] " (n-2) ,x] /;
FreeQ[{F,a,b,c,d,e},x] && NeQ[e”2x (n-2)~"2-b"2xc”2xLog[F]"2,0] && GtQ[n,1] &&% NeQ[n,2]
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X: JFC (@+0X) sach[d + e x]"dx when nez

Derivation: Algebraic expansion

Basis: Sech[z] = 25
Basis: Csch[z] = 25

Rule: If n € z,then

en (d+e x)
jFC @+5%) sach[d + e x]"dx — 2" JFC @bx) — —  gx
(1 + ez (d+ex))"

Program code:

(» Int[F_"(c_.*(a_.+b_.*x_))=*Sech[d_.+e_.*x_]”n_.,x_Symbol] :=
27n+Int[SimplifyIntegrand [F~ (cx (a+bxX)) *E~ (nx (d+exx)) / (1+E” (2% (d+exx))) n,x1,x]| /;
FreeQ[{F,a,b,c,d,e},x] &% IntegerQ[n] =)

(» Int[F_"~(c_.*(a_.+b_.*x_))*Csch[d_.+e_.*x_]”n_.,x_Symbol] :=
2”*nxInt [Simpl:i.-FyIntegr'and [F~ (c* (a+bxx) ) *E” (-n* (d+exX) ) / (1-E~ (-2* (d+e*X) ) ) *n, x] ,x] /3
FreeQ[{F,a,b,c,d,e},x] &% IntegerQ[n] =)
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4: JFC (@+bX) sech[d + e x]" dx when nez

Rule: If n € Z, then

2" @" (d+ex) pc (a+bx) bcLog[F] b cLog[F]
y— 1+ — g —

n n
2 2e 2 2e

JF‘ (@+0%) sach[d + e x]"dx —

Hyper‘geometr‘icZFl[n, , —e? (d+eX)]

en+bclLog[F]

Program code:

Int[F_~(c_.*x(a_.+b_.%*x_))*Sech[d_.+e_.*x_]”n_.,x_Symbol] :=
2°n*E” (n* (d+e*xXx) ) *F~ (cx (a+bxx) ) / (exn+bxcxLog[F]) xHypergeometric2F1[n,n/2+bxcxLog[F]/ (2xe),1+n/2+bxcxLog[F]/ (2xe) ,-E" (2 (d+exx))] /;
FreeQ[{F,a,b,c,d,e},x] &% IntegerQ[n]

Int[F_~(c_.*(a_.+b_.%*x_))*Csch[d_.+e_.*x_]”n_.,x_Symbol] :=
(-2) *n*E” (nx (d+exX) ) *F~ (c* (a+bxx) ) / (exn+bxcxLog[F]) xHypergeometric2F1[n,n/2+bxcxLog[F]/ (2xe) ,1+n/2+bxcxLog[F]/ (2xe) ,E~ (2% (d+exXx))] /;
FreeQ[{F,a,b,c,d,e},x] &% IntegerQ[n]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

5: JFC (@+bX) sech[d + e x]" dx when n ¢ zZ

Derivation: Piecewise constant extraction

1+e2 (4¢X) )" Sech[d+e x]"

en (d+e x)

Basis: Oy <

Rule: If n ¢ Z, then

dx

(1+e2@e) " sech[d+ex]" @n (drex)
ch @+0X) sech[d + e x]"dx — JFc (@bxy __®

e" (d+e x)

1+e2 (d+ex))"

Program code:

Int[F_~(c_.x(a_.+b_.*x_))=*Sech[d_.+e_.*x_]"n_.,x_Symbol] :=
(1+E~ (2% (d+exx) ) ) *nxSech[d+e*x] *n/E” (nx (d+e*x) ) *Int [SimplifyIntegr‘and [F~(c* (a+bxXx) ) *E” (nx (d+exx) ) / (1+E” (2% (d+e*x) ) ) *n,x] ,x] /3
FreeQ[{F,a,b,c,d,e},x] &% Not[IntegerQ[n]]

Int[F_~(c_.*(a_.+b_.*x_))*Csch[d_.+e_.*x_]"n_.,x_Symbol] :=
(1-E~ (-2% (d+e*x) ) ) *nxCsch[d+exx]*n/E” (-n» (d+exx) ) *Int [SimplifyIntegrand [F~ (c* (a+bxXx) ) *E” (-n* (d+exX) ) / (1-E~ (-2 (d+e*X) ) ) *n,x] ,x] /5
FreeQ[{F,a,b,c,d,e},x] &% Not[IntegerQ[n]]

10
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4, Ju Fe (a+bx) (F+gsinh[d+ex])"dx when 2 +g*>==0

1: JFC(a*bx) (f+gsinh[d+ex])"dx when f2+g>=0 A nez

Derivation: Algebraic simplification
Basis: If 2+ g2 == 0,thenf + gSinh[z] =2 FCosh[ - ‘c—} 2

z
2 g

I

Basis: If £ - g == 0,thenf + g Cosh[z] :28C°Sh[§}2
Basis: If f + g == ©,thenf + g Cosh[z] ::ZgSinh[ﬂz
Rule: If f2+ g2 =0 A n e Z,then

d
JFC (a+bx) (f+gsinh[d+ex])"dx — 2"f" JF“ (a+bx) Cosh[—+
2

Program code:

Int[F_~(c_.x(a_.+b_.*x_))(f_+g_.#Sinh[d_.+e_.#x_])"n_.,x_Symbol] :
27n#fAn«Int [FA (cx (a+bxx) ) #Cosh[d/2+exx/2-fxPi/ (4+g) |~ (2#n),X] /;
FreeQ[{F,a,b,c,d,e,f,g},x] &8& EqQ[f"2+g"2,0] && ILtQ([n,0]

Int[F_"(c_.*(a_.+b_.*x_))(f_+g_.»Cosh[d_.+e_.xx_])"n_.,x_Symbol] :
2*n*xg "nxInt [F~ (c* (a+bxx) ) *Cosh[d/2+exx/2]” (2%n) ,Xx] /;
FreeQ[{F,a,b,c,d,e,f,g},x] && EqQ[f-g,0] && ILtQ[n,0]

Int[F_~(c_.x(a_.+b_.*x_))(f_+g_.+Cosh[d_.+e_.*x_])"n_.,x_Symbol] :
27n*g n*Int[F~ (cx (a+bxx)) #Sinh[d/2+exx/2]" (2#n),x]| /;
FreeQ[{F,a,b,c,d,e,f,g},x]| & EqQ[f+g,0] && ILtQ[n,0]

ex

2

fr

4g

2n
] dx
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

2: JF‘“’“"X) Cosh[d+ex]" (f+gSinh[d+ex])"dx when f2+g>=@ A (M| n) €Z Am+n=0

Derivation: Algebraic simplification

. 2 2 __ Cosh|z 1
Basis: If £2 + g2 == 0, then —LLﬂg T = 3 Tanh |

BaS|S. |f -F g == e; then -F+g Cosh[z]

BaS|S. |f 'F + g == @, then f+g Cosh[z] -

(ST ST

Rule:If f2+g2==0@ A (m|n) €eZ A m+n = 0,then

d ex frqm
JFC @6 cosh[d + ex]" (f+gSinh[d+ex])"dx — g" JF‘ (a+bx) Tanh[—+ — - —| ax
2 2 4g

Program code:

Int[F_~(c_.»(a_.+b_.*x_))*Cosh[d_.+e_.*x_] m_.x (f_+g_.+Sinh[d_.+e_.#x_])"n_.,x_Symbol] :
g n+Int [F~ (cx (a+bxx)) xTanh[d/2+exx/2-f+Pi/ (4xg) | "m,x] /;
FreeQ[{F,a,b,c,d,e,f,g},x] & EqQ[f~2+g"2,0] & IntegersQ[m,n] & EqQ[m+n,0]

Int[F_~(c_.x(a_.+b_.*x_))*Sinh[d_.+e_.xx_]"m_.x (f_+g_.xCosh[d_.+e_.xx_])"n_.,x_Symbol] :
g 'nxInt [F~ (cx (a+bxx) ) *Tanh[d/2+exx/2]"m,x] /;
FreeQ[{F,a,b,c,d,e,f,g},x] && EqQ[f-g,0] && IntegersQ[m,n] && EqQ[m+n,0]

Int[F_~(c_.»(a_.+b_.*x_))*Sinh[d_.+e_.*x_] m_.x (f_+g_.+Cosh[d_.+e_.x_])"n_.,x_Symbol] :
g "n*xInt [F” (cx (a+bxx) ) xCoth[d/2+exx/2]"m,x] /;
FreeQ[{F,a,b,c,d,e,f,g},x]| & EqQ[f+g,0] && IntegersQ[m,n] && EqQ[m+n,0]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

3: JFC (a+bx) h + i Cosh[d + e x]
'F+gSinh[d+ex]

Derivation: Algebraic simplification

h+iCos[z] . 2icCos[z] h-iCos[z]

Basis:

f+gsSin[z]  f+gSin[z] f+gsSin[z]

dx when f2+g2==0 A h?-i2=2=0 A gh+fi=0

Rule:If f2+g2==0 A h?-i2=0 A gh+f i =0,then

ch (a+b x)

Program code:

Int[F_"(c_.*(a_.+b_.*x_))(h_+i_.«Cosh[d_.+e_.x_])/(f_+g_.*Sinh[d_.+e_.*x_]),x_Symbol] :

h + i Cosh[d + e x]

f+gSinh[d + e x]

dx — 21i JF‘ (a+bx)

2xixInt [F" (c* (a+bxx) ) » (Cosh [d+e*x]/(f+g*Sinh [d+exX] ) ) ,x] +
Int[F~(cx (a+bxx)) * ((h-ixCosh[d+exx])/(f+g+Sinh[d+exx])),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,i},x] && EqQ[f~2+g"2,0] && EqQ[h~2-i~2,0] & EqQ[g+h-fxi,0]

Int [F_" (c_.*(a_.+b_.xx_))* (h_+i_.*Sinh [d_.+e_.xx_] )/('F_+g_. *Cosh[d_.+e_.*x_] ) ,x_Symbol] 3

2xixInt [F" (c* (a+bxx) ) » (Sinh [d+e*x]/(f+g*Cosh [d+exX] ) ) ,x] +
Int[F~(cx (a+bxx) ) ((h-ixSinh[d+exx])/(f+g*Cosh[d+exx])),x] /;
FreeQ[{F,a,b,c,d,e,f,g,h,i},x]| && EqQ[f~2-g~2,0] && EqQ[h~2+i~2,0] && EqQ[g+h+fxi,0]

Cosh[d + e x]

f+gSinh[d +ex]

dx + JFC (a+bx)

h - iCosh[d + e Xx]
dx

f+gSinh[d +ex]
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

5: JF”Hyper[v]"dlx whenu==a+bx Av=d+ex

Derivation: Algebraic normalization
Rule:lf u==a+bx A v==d+ex,then

JF“’ Hyper[v]"dx — JFC @+0X) Hyper[d + e x]" dx

Program code:

Int[F_~(c_.*u_)*G_[v_]”n_.,x_Symbol] :=
Int [F” (cxExpandToSum[u,Xx]) *G[ExpandToSum[v,x]]”n,x] /;
FreeQ[{F,c,n},x] && HyperbolicQ[G] && LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]

14



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n 15

6. J(fx)"' FC @*X) sinh[d + e x]"dx when n e z*

1: J(fx)ch (@+0X) sinh[d+ex]"dx when neZ* A m>0

Derivation: Integration by parts

Note: Each term of the resulting integrand will be similar in form to the original integrand, but the degree of the monomial
will be smaller by one.

Rule:lif nez" A m>8,letu= [F (a+bX) Sinh[d + e x]" dx, then

e oo samtes o (e a-en (e

Program code:

Int[(f_.*x_)™m_.xF_"(c_.*(a_.+b_.*x_))*Sinh[d_.+e_.*x_]"n_.,x_Symbol] :
Module [ {u=IntHide[F~ (cx (a+bxx)) *Sinh[d+exx]"n,x]},
Dist [ (fxx) m,u,x] - femsInt[(f*x)"(m-1)=*u,x]] /;
FreeQ[{F,a,b,c,d,e,f},x] & IGtQ[n,0] && GtQ[m,O]

Int[(f_.*x_)™m_.*F_"(c_.*(a_.+b_.*x_))*Cosh[d_.+e_.*x_]"n_.,x_Symbol] :
Module [ {u=IntHide [F~ (cx (a+bx)) *Cosh[d+exx]"n,x]},
Dist [ (fxx) m,u,x] - FemxInt[(f*x)"(m-1)=*u,x]] /;
FreeQ[{F,a,b,c,d,e,f},x] & IGtQ[n,0] & GtQ[m,0]



Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

2: J(f x)'" F€ @*®X) sinh[d + e x] dx when m< -1

Derivation: Integration by parts

e m__ (f x)m1
Basis: (f x)™ == Oy F mi1)

Basis: Oy (F€¢ (@) Sinh[d + e x]) == e F® (2% Cosh[d + e x] + b c Log[F] F¢ (2> Sinh[d + e x]

Rule: If m < -1, then

J(f x)"F@**X) sinh[d + ex] dx —

(fx)m+1
f (m+1)

b c Log[F]

e
FC (3*°X) Sinh[d + ex] - — J(f x)"™* F€ 2% Cosh[d + e x] dx -
f (m+1) f(m+1)

J(f x)'"+1 FC @5 ginh[d + e x] dx

Program code:

Int [ ('F_. *X_) Am_x«F_~(c_.x(a_.+b_.xx_))*Sinh[d_.+e_.xx_] ,x_Symbol] =
(‘F*X) 2 (m+1)/(-F* (m+1) ) *F~ (Cx (a+bxx) ) *Sinh[d+exXx] -
e/ (fx (m+1)) «Int[ (fxx)~ (m+1) «FA (cx (a+bxx)) xCosh[d+exx],x]| -
bxcxLog[F]/(fx (m+l) ) +Int[ (fxx)~ (m+l) «F~ (cx (a+bxx)) +Sinh[d+exx],x] /;
FreeQ[{F,a,b,c,d,e,f,m},x] && (LtQ[m,-1] || SumSimplerQ[m,1])

Int[(f_.#x_)™m_sF_"(c_.*(a_.+b_.xx_))=*Cosh[d_.+e_.*x_],x_Symbol] :=
(‘F*x) A (m+1)/(-F* (m+1) ) *F~ (cx (a+bxx) ) xCosh[d+exx] -
e/ (fx (m+1) ) xInt[ (Fxx)~ (m+1) «FA (cx (a+bxx) ) *Sinh[d+exx],x] -
bxcxLog[F]/(fx (m+1))+Int[ (fxx)A (m+1) «FA (cx (a+bxx)) xCosh[d+exx],x] /;
FreeQ[{F,a,b,c,d,e,f,m},x] && (LtQ[m,-1] || SumSimplerQ[m,1])
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

X: J(f x)'" F€ @*®X) sinh[d + e x]"dx when nez*

Derivation: Algebraic expansion
Basis: Sinh[z] = -2 (e * - €?)
Basis: Cosh[z] = > (e % +&?)

Rule:If n € z*, then

1"
2n

J.(-F x)" F€ @0X) sinh[d + e x]"dx — j(f x)" F€ (3+6X) ExpandIntegrand [ (e‘(d"e X - ed"”) ", x] dx

Program code:

(* Int[(f_.*x_) m_.#F_~(c_.%(a_.+b_.*x_))*Sinh[d_.+e_.#x_]~n_.,x_Symbol] :=
(-1)“n/2~nxInt [ExpandIntegrand [ (fxx)"mxF~ (cx (a+bxX)) , (E* (- (d+exx) ) -E~ (d+exx))*n,x],x] /;
FreeQ[{F,a,b,c,d,e,f},x] & IGtQ[n,0] *)

(» Int[(f_.#x_)™m_.#F_~(c_.%(a_.+b_.*x_))*Cosh[d_.+e_.#x_]~n_.,x_Symbol]| :=
1/2~n»Int[ExpandIntegrand[ (fx) m«F~ (C* (a+b*X)), (E* (- (d+exx))+E~ (d+exx))*n,x],x] /;
FreeQ[{F,a,b,c,d,e,f},x] & IGtQ[n,8] *)
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

7. Ju F€ @*0X) sinh[d + e x]™ Cosh [f+gx]"dx

1: JF‘ (@+0X) sinh[d + e x]" Cosh[f + gx]"dx whenmez* A nez*

Derivation: Algebraic expansion

Rule:lf me z* A n e z*,then

jFC (@+5X) ginh[d + e x]™ Cosh [frgx]"dx — fFC @+0x) TpjgReduce [Sinh[d + e x]" Cosh[f + gx]"] dx

Program code:

Int[F_"(c_.*(a_.+b_.*x_))*Sinh[d_.+e_.*x_]"m_.xCosh[f_.+g_.*x_]"n_.,x_Symbol] :=
Int[ExpandTrigReduce[F~ (cx (a+bX)),Sinh[d+exx] mxCosh[f+gxx]~n,x],x] /;
FreeQ[{F,a,b,c,d,e,f,g},x] & IGtQ[m,0] & IGtQ[n,O]

2: [xPFC @ sinh[d +ex]" Cosh[f+gx]|"dx whenmez* A nez* A pez*

Derivation: Algebraic expansion

Rule:lfmez*A nez*A pezt, then

pr FC (*5X) ginh[d + e x]™ Cosh [frgx]"dx — jxp F¢ @*X) TpjgReduce [Sinh[d + e x]" Cosh[f + gx]"] dx

Program code:

Int[x_"p_.*F_"(c_.*(a_.+b_.*x_))*Sinh[d_.+e_.*x_]"m_.xCosh[f_.+g_.*x_]"n_.,x_Symbol] :=
Int[ExpandTrigReduce[x"p+F~ (cx (a+bx)) ,Sinh[d+exx]mxCosh[f+g+x]~n,x],x] /;
FreeQ[{F,a,b,c,d,e,f,g},x] && IGtQ[m,0] && IGtQ[n,0] && IGtQ[p,0]
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

8: JF‘ (@+5%) Hyper[d + e x]" Hyper[d+ e x]"dx when meZ* A nez*

Derivation: Algebraic expansion

Rule:1fme z* A n e Z*, then

JF‘ (@+0X) Hyper[d + e x]" Hyper[d + e x]" dx — JFC @0 TrigToExp [Hyper [d + e x]" Hyper [d + e x]", x] dx

Program code:

Int[F_~(c_.*x(a_.+b_.*x_))*G_[d_.+e_.*x_]"m_.*xH_[d_.+e_.*x_]”n_.,x_Symbol] :=
Int[ExpandTrigToExp [F~ (c* (a+b#X)),G[d+exx] m«H[d+exx]"n,x],x] /;
FreeQ[{F,a,b,c,d,e},x] && IGtQ[m,0] &% IGtQ[n,0] && HyperbolicQ[G] && HyperbolicQ[H]

9: JF““"C ¥ Sinh [d+ex+f xz]" dx whennez*

Derivation: Algebraic expansion

Rule:If n € z*, then

JFZ‘*"""“‘2 Sinh[d+ex+fx*]"dx — jF“'”“c ** TrigToExp [sinh[d +ex + fx?]"] dx

Program code:

Int[F_"u_sSinh[v_]~n_.,x_Symbol] :=
Int [ExpandTrigToExp[F~u,Sinh[v]~n,x],x] /;
FreeQ[F,x] & (LinearQ[u,x] || PolyQ[u,X,2]) && (LinearQ[v,x] || PolyQ[v,x,2]) && IGtQ[n,@]

Int[F_“~u_xCosh[v_]”n_.,x_Symbol] :=
Int [ExpandTrigToExp[F~u,Cosh[v]~n,x],x] /;
FreeQ[F,x] & (LinearQ[u,x] || PolyQ[u,X,2]) && (LinearQ[v,x] || PolyQ[v,x,2]) & IGtQ[n,@]
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Rules for integrands of the form F~(c (a+b x)) hyper(d+e x)~n

10: JF‘“"’“CXZ Sinh[d +ex + fx?]" Cosh[d+ex+ fx*]"dx when (m | n) ez*

Derivation: Algebraic expansion
Rule:If (m | n) € z*, then

fF““““Z Sinh[d+ex+fx*]"Cosh[d+ex+fx*]"dx — jF“““”Z TrigToExp[Sinh[d +ex + fx*]" Cosh[d + e x + £ x*]"] dx

Program code:

Int[F_"u_+Sinh[v_]"m_.Cosh[v_]"n_.,x_Symbol] :=
Int[ExpandTrigToExp [F~u,Sinh[v]~m«Cosh[v]~n,x],x] /;
FreeQ[F,x] & (LinearQ[u,x] || PolyQ[u,x,2]) && (LinearQ[v,x] || PolyQ[v,X,2]) & IGtQ[m,0] & IGtQ[n,®]
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